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ON THE SUDDEN-FREEZE APPROXI~TION IN 
A VIBRATIONALLY RELAXING GAS 
by 
Choon-jiaw Shih 
ABSTRACT 
\ 
It is shown that, in contrast with the weak excita-
• 
tion limit, the sudden freeze approximation does provide a 
'-
valid description of non-equilibrium nozzle flows in a 
vibrationally retaxing gas when the relaxation time changes 
exponentially fast with the translational temperature. 
The solution can be split up into three zones. In 
the initial near-equilibrium domain the departure from the 
equtlibrium solution is exponentially small. This region 
' 
is fJllowed by a transition layer in which there is a 
tapid departure from the equilibrium solution. The struc-
ture of this layer is governed by a non-linear differen-
• 
tial equation. Related analyses, when the equilibrium 
ene~gy changes exponentially fast, have predicted that the 
corresponding layer is governed by a linear equation 
(Cheng & Lee 1968). The non-linear equation which is ap-
propriate here can be reduced to a form in"which it depends 
only on a single parameter N. Numerical solutions of 
this equation have been obtained for various N. Down-
stream of the transition layer the flow remains in a fro-
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I.t is found that the accuracy of the sudden-freeze 
.mErt.hod can be improved by the introduction of a modified 
fieezing point, though the error term may still be signif~ 
·ic.a..n.t in some practical cases .. Only flows for which this 
fr:ee·z·ing point lies downstream of the sonic point are 
c·onsidered. The expansion procedures outlined here should 
be. useful. in more _general problems. 
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ABSTRACT 
,It is shown that, in contrast with the weak excita-
tion limit, the sudden freeze approximation does provide a ~ 
valid description of non-equilibrium nozzle flows in a 
vibrationally relaxing gas when the relaxation time changes 
exponentially fast with the translational temperature. 
The solution can be split.up into three zones. In 
the initial near-equilibrium domain the departure from the 
equilibrium solution is exponentially small. This region 
is followed by a transition layer in which there is a 
,ripid departure from the equilibrium solution. The struc-
.. ture of.this layer is governed by a non-linear differen-
tial equation. Related analyses, when the equilibrium 
energy changes exponentially fast_, have predicted that the 
. 
. 
corresponding layer is_ governed by a linear equation 
. (Gheng & Lee 1968). The non-linear equation which is ap-
propriate here can be reduced to a form in which it depends 
. only on a single parameter N. Numerical solutions of 
this equation have been obtained for various N. Down-
stream of the transition·layer the flow remains in a fro-
zen· state. 
It is found that the accuracy of the sudden-freeze 
·_ method can be improved by the introduction of a modi£ ied 
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freezing point, though the error term may still be signif-' 
icant in some practical cases. Only flows for which this 
freezing point lies downstream of the sonic point are 
considered. The expansion procedures outlined here should 
be useful in more general problems. 
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. 1. INTRODUCTION 
It is well known that real gas effects can cause a 
marked loss of thrust in various high speed propulsive 
devices. Related effects also occur in hypersonic wind 
tunnels etc., where a lack of thermodynamic equilibrium 
I leads to considerable uncertainty regarding the testing '---
conditions. 
• 
For each of these flows the gas is initially in 
thermodynamic equilibrium. The subsequent expansion 
thro~gh the nozzle leads to a significant increase in the 
local relaxation time which is accompanied by a definite 
·departure from the equilibrium solution. The energy in 
the internal lagging modes remains higher than the equilib-.. 
rium value corresponding to this de-excitation process. 
Further expansion may cause freezing of this internal 
energy at some level above the ground state (which is the 
. limiti~g equilibrium behavior). The prediction of this 
frozen level can be regarded as the central problem for 
this type of flow field: it is precisely this locked energy ../ . 
. which leads to the thrust loss noted earlier. 
In certain cases, however, it is known th~t this re-
gion of frozen flow can be limited by a return to a near 
equilibrium state r(Blythe 1967 (part II)). It is assumed 
he,re that this type of phenomena does not occur. In gen-
.. 
-:5-
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\ 
eral this implies certain restrictions on the nozzle 
. growth rate and on the low temperature behavior of the 
relaxation time. Only flows in which the limiting asymp-
totic behavior corresponds to a frozen state will be con-
sidered in this thesis. 
Various approximate methods exist for analyzing this 
type of flow. Probably the simplest and most useful ap-
\ proach is the sudden freeze approximation (Bray 1959). 
This empirical method appears to be sufficiently accurate 
for many practical problems. The theoretical justifica-
. tion of the approach has been discussed in a number of 
-limiting cases. Rather surprisingly it has been shown 
-
that the method does not provide a valid first approxima-
tion for the frozen energy level, either for vibrational 
re.laxation or for dissociation, in the weak exci t~1t ic)r1 
limit when the rate equation and the conservation relations 
uncouple (Blythe, 1964 ). However, more recently, Cheng , 
& Lee ( 1968 ) have shown that the approach is correct, to 
a first approximation, for a dissociating gas if the inter-
action between the flow and the chemistry is somewhat 
stronger and certain other conditions are satisfied. 
A number of problems still remain (Bray 1970). In 
~ particular, the validity of the sudden-freeze approximation 
for a vibrationally relaxing gas, at arbitrary energy 
levels, has not yet been established. It is this problem 
. t 
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with which the present paper is concerned. 
' 
Both theoretical and experimental evidence suggests 
that vibrational relaxation times change exponentially fast 
with the translational temperature. Little use appears to 
have been made of this result: the analysis described here 
is based on·this observation. 
f More precisely the temperattire dependence of the 
• (dimensionless) relaxation time 
form 
is assumed to have the 
\ 
F(T)exp[-KG(T)] (1.1) ·--
where· p is the den$ity and T the translational temper-
ature. K. is a large parameter. The variables are nor-~- . 
malized with respect to the reservoir conditions so that 
initially p=T=l and F(l)=l , G(l)=O . In general 
G' (T)<O and for the expanding flows considered G • in-
creases monotonically through the nozzle. f 
' The most commonly used expression for G is probably 
(Herzfeld & Litovitz 1959,_Phinney 1964) 
G 
1 T- :,,-3 - 1 (1.2) -
though a number of other expressions also fit the experi-
mental data reasonably well and do have some th~oretical 
justification (Widom 1957). It is important to note that 
-5-
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the theoretical derivation of (1.2), and other similar 
results, is based implicitly on 
K >> 1 • (1.3) 
The analysis described below is carried out for 
. 
. general forms of G(T) and F(T) but is subject to the 
• 
restriction (1.3). In this limit the structure of the 
solution can be split i~to three regions. The initial 
behavior is of a near equilibrium type in which the de-parture_ from the equilibrium solution is expone11 ti ~111 y 
small (§§3 & 4). T~is solution breaks down in tl1e neigh-borhood of what may be termed a modified freezing point (§4)t. In this second region, the transition layer, 
there is a strong coupling between the flow equations and 
the rate equation; the layer is governed by a non-linear differential equation (§5). This is in contrast with the 
·limits considered by Cheng & Lee ( 1968 ) for a dissocia-
ti~g gas. Downstream of this layer the dominant app1~oxi -
mation is given by a frozen solution (§6). 
·.Although it follo~s from this analysis that the sud-. •. den-freeze approach does provide a valid first approxima-
·tion for K>>l , the magnitude of the error term may be 
• 
tOnly flows in ~hich this point lies downstream of the frozen sonic point are considered: the analysis is singu-lar if the freezing point occurs at this critical point. 
( 
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significant in some cases. By using the modified freezing 
point closer agreement between the analytical solution and 
the sudden-freeze method can be obtained, but the size of 
the error term may still be considerable (see §6). 
A similar approach can also be used to discuss more 
complex flow fields than the simple quasi-one-dimensional 
model considered here and the present paper serves as an 
introduction to the type of perturbation procedure required 
in those problems. · The generalization to other rate pro-
cesses is also possible. 
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·.:.---2 ,.: THE IDEAL RELAXING GAS 
The relations governing the conservation of mass, 
momentum and energy for the steady quasi-one-dimensional 
flow of an ideal vibrationally relaxing gas are (Stollery & Park 1964) 
.. 
• 
• 
and 
( 
y T y-1 
puA 
du pu ax 
-
-
-
+·cr + 1 u2 2 
m , 
-
y 
y-1 -+ a r 
(2.1) 
..... (2.2) 
• (2.3) 
Here p is the density, u is the speed, p is the 
pressure T is the translational temperature, a is the 
vibrational energy, ~(T) is the local equilibrium value j 
'of A(x) is the cross-sectional area at any station 
x., m is the mass flow rate and y is the ratio of the 
active specific heats. The suffix r denotes reservoir 
conditio'ns where the gas is at rest and in tl1ern1ocl\·r1~1n1ic 
equilibrium. All the variables have been sui tc:11)1.\· r101-m-., 
a.lized wi.th respect to the reservoir conditions and the 
throat geom~try (see appendix 1). 
-
For a system of harmonic oscillators a is given by 
-a 8 (2.4) -
:ii· 
-8-
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I 
' b, 
I 
,1 
_I 
• 
• 
t 
·r .· 
' 
' i 
l 
l j 
\ 
' 
""('" 
·, 
r .; 
I 
:-i',;., 
. -1 
-----··········· .. 
.. 
where e is the characteristic temperature of vibration. 
These equations are supplemented by the equation of 
state 
-------and the rate equation 
do 
u dx 
p 
-
-
pT (2.5) -
A (p,T) [o"(T)-cr] (2.6) 
where A is a dimensionless rate parameter (see appendix 
. 
is a local relaxation time. The functional 
,. dependence of T is defined by (1.1). 
' 
., 
It -is known that in certain cases (see Bray 
rate equations of the type (2~6) may not adequat-
ely describe both excitation and de- excitation p11c1101ncr1a. 
The .present discussion is limited to de-excitation and it 
will be -supposed that (2.6), for suitable ~ , can be used 
to model any~particular de-excitation experiment. Note 
however, that the extension of the analysis to 
-1 -AT (a-a)J(p,T,a) udo/dx --
is straightforward if J is independent of K. 
I. 
l-f' 
... 
' .. 
.;.. -9-
.. 
(2.7) 
-
I . 
' . 
i 
j 
. i 
I 
·.· : 
. ' ·._;'! 
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' 
f 
1 
1 
I 
1 
I 
', 
1 
i 
I 
I ], . 
I • 
. . I 
I 
i 
l 
i r 
i 
I 
1 
r 
' ' 
. r 
.; 
' 
' ' 
. I . 
.. . 
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. -,,c 
.,._,. 
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< r 
. r 
!:. 
!~~· 
t 
r 
,, 
( . 
. 
r _i
1 
' ·,· 
I • 
3:. THE .FREEZING POINT AND ASSOCIATED PARAMETERS 
It is convenient to introduce the relative departure 
from equilibrium 
·s = (a-a) /a . (3.1) 
( as a basic independent variable. The rate equation (2.6) 
' becomes 
• 
., 
-
1 do 
- cf dX • (3.2) 
·In certain limits the zero of the coefficient of s , 
which can be regarded as a turning point of the differen-
tial equation, plays an important role in determining the 
structure of the solution (Blythe 1964). At this zero the 
lo~al:relaxation time and the flow time are comparable . 
Arguments associated with this latter interpretation form 
the basis of Bray's sudden-freeze approximation (Bray, 1959) 
An appropriate way of characterizing this zero is to 
define X = X f as the solution of 
A 
U T 
e e 
+ 
1 <la 
cr= ax 
e 
- 0 (3.3) 
where the suffix e denotes the equilibrium solution (see 
appendix 2). In many practical cases it has been found 
does not lie very far downstream of the tl1roat. 
-lQ-
• 
.ei,: 
" . 
.. 
'. 
' 
1 
' 
l 
• 
'' 
!, :: 
; 
., 
•t .: 
.•:.-· 
,. 
,: 
. 
' 
1, 
• 
• It is useful tb replace the parameter A by x:f' and to 
regard as 0(1) ; the magnitude of A is then de-
fined by (3.3). As noted earlier it is assumed that xf 
lies downstream of the critical point. Subject to these 
restrictions the structure of the solution is now governed 
by the single (large) parameter K. 
I 
A relevant independent variable is 
• I 
y -
and the rat.:e: .:~quation can be re-written 
ds dT dy + [~(p,T,u;K) + B(T) dy]s -
• 
·wh:e~r:e: 
:- ~.: 
-
A(p,T,u;K) -~; pu- 1 F(T) 
-1 pfuf F(Tf) 
·-
dT ~ B(T) dy 
(3.4) 
... 
·• 
• 
(3.5) 
exp[-K{H(T)-1}] , 
(3.6) 
B'.ff) :;:: G(T)/G (T :f') , r< = . G (T :f') K , B (T) 
-
-
with 
.. 
I 
T f -
-11-
(3.7) 
i .• 
etc. (3.8) 
.. 
• 
" . 
' 
:{: 
~ ;".: 
,r:.:' : 
t/. If,. 
if 
td~ .. 
i 
"ri..•!S,:-.' 
•;-_,, .· 
\. 
) 
' . ; 
' 
I 
. ' ! 
. ~-
·' . ~ 
.. 
' 
'I. 
•. 
.• 
• 
For the equilibrium solution T decreases monotoni-
cally with x and Tf < 1 • Since G'(T) < 0 it follows 
that 
for 
, 
T > T. 
f 
H(T) < 1 
if, for the non-equilibrium solution, 
(3.9) 
T de-
creases monotonically with x. This statement is true 
for all situations considered here but exceptional cases 
:do arise (Blythe 1967) . 
. . 
,. 
,·.: 
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T-HE NEAR-EQUILIBRIUM SOLUTION 
Over the initial region, where 
K[l-H(T)] >> 1 
•• 
( 4. 1) 
and l ~is exponentially large. In order to construct a 
systematic asymptotic expansion in this region it is sim-
ple~t to use 
A (y;K) = A(p ,u ,T ;K) 
e ~ e e e ( 4. 2) 
as the b~sic ra·te function. 
Oibviously the dominant initial behavior is described 
• 
by the equilibrium solution. Higher order terms can easily 
be found by it_eration. At each stage of the iteration pro-
cedure terms which are uniformly exponentially small (for 
-
T . > T ) 
e f' are neglected. 
written 
<r =· T (y) + 
e 
s ~1 A:. s 1 (y) e e --
The resulting solution can be 
: 
-1 ' 
A • T l (y; K) + ...... e, e 
• 
• 
.. 
-2 
+ A s 2CY;K) e e + ••• 
(4. 3) 
., 
• 
etc. To avoid difficulties at the throat (see below) it is 
also necessary to expand the mass flow in the form 
.... 
'J .,,, 
m 
t 
~ 
1) 
• 
-
,.. 
m + A- 1m1 (K) + e eo - • • • (4.4) 
] 
-13- I 
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·, 
" 
• (. 
'· -·· ----------,------··--·-· 
. 
where 
J. 
' 
'-
A -eo 
' 
• 
' I.t .. is easi~y shown that 
. 
~ 
~ 
.. {. 
r itz 
~ 
'II 
... ' • -°Y . . ' 
Ya 
J 
"'·s (y) B(T) -el e 
and 
2 -2 
-T u (a -T) (1 
··el e e e [E 1 '- e - s .. - T -·T -2 2 2 •. e e a -u u e e e 
where 
y 1 d :,El A --
- ~ e T 
-00 e 
-
(4.5) 
dT 
e 
cly (4.6) 
A ml e ( 4. 7\) - m ] A 
' 
el 
eo 0 
-(1 s 
el e dE; (4.8) A 
e 
and a is the equilibrium sound speed (see appendix 2). 
The solution defined by (4.7) is singular at the geometric 
thro~ t ,' where -u = a , unless e e 
a (O)s 1 (0) e e -
-
u 2 (0) 
e 
..• 
. ·t 
. Correspondingly, A- 1T etc. will include terms O(A-1 ) • e el eo 
~ 
. 
,; 
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T·hi._s formal approach will certainly break down as . 
I 
. 
' y + 1 . It might appear from (4.1) that difficulties 
would occur when 1 - y = O(K- 1) , but the evaluation of 
higher order terms in (4.3) indicates that se
2 
etc. 
are O(K) . Hence the iteration procedure fails when 
A = O(K) or equivalently e 
1 - y Q (lnK) 
K • 
- (4.10) 
Note that this non-uniformity occurs upstream of y = l 
and in this region 
.. 
,. 
:, 
., 
.. 
s -.-
• (4.11) 
" 
. , 
• 
, 
4.· 
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5. THE TRANSITION LAYER 
It is convenient to define a point yb, character-
-
istic of (4.10), by 
where 
:.r 
' 
-
, .. 
-
lnK 
K (S.l) 
(5.2) 
Ry using this reference point, which may be interpreted as 
a modified freezing point, the direct introduction of 
logarithmic terms into the expansion discussed below ls 
avoided.. It can be argued that an appropriate independent 
variable in this region is 
(5. 3) 
and correspon~ing asymptotic expansions, consistent with 
" 
the upstream matching conditions, are 
s - 1 s 1 (z) + 1 s 2 (z) + - - . •'. K2 K ,,.. 
(5.4) 1 T:. - Tb + T1 (z) + ' - • • • ' . K 
etc. Here )\,Tb 
I 
I 
of the algebraic 
etc. are defined by the exact sol~tions 
relations (5.1) and (5.2). 
-16-
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it follows that these quantities are also 0(1)+. 
, 
tion 
Substitution of these expansions into the rate equa-
(3.5) .. gives 
(5.5) 
where 
.• 
L· ·- AbK -1 1 do pbufF(Tb) ·- ·= -
-
.·. ·1:>. 
- dy PfubF(Tr) cr f' 
• 
and 
(5.6) 
• 
-
- > 0 
, 
Similarly, equations (2.1) to (2.3) and the upstream match-
. !ng conditions can be used to show that (see appendix 3) 
-
- - nT - µz 1 cs. 7) 
· where 
and 
ume 
- 2 
--2 Cy 
ub-ab b 
µ n -
-2 
' 
-
ab ub-Tb 
1 dA 
A ay b (5.8) 
-
is the equilibrium ~pecific heat at constant vol-
(see appendix 2). 
+Although logarithmic terms do not occur explicitly in 
(5.4}, theY are implicitly included in the expansion, 
scheme since, in particular 
. T 
-: b -
,. 
,· j:; 
.. ~ I . ., 
' • 
. ' 
•. 
\· 
.• 
' . 
.... 
.. 
. ' . 
... 
" 
-
Equations (5.S) and (5.7) give 
dS1 
N az + sl exp{-H(Z,t.Sl)} = 1 - N 
where , 
and 
.z = L -lz 
b ' 
H - µHl 
- nL ' 
b 
Bb N = 1 -
n • 
The upstream matching.conditions imply t;,Pat 
. ~ . 
•. 
-~ 
sl + 0, Z + - m. 
·Fu~ther, the transformation 
. . 
. . 
:, \ 
reduces (5.9) to 
·1 
N 1,, dS + S -S 
"' cfijj" , $ e - 1 - N 
; 
with 
. ' 
•~ S···· ··- 0 : ~ at 1'J = 0 . 
(S. 9) 
" (5.10) 
(5.11) 
. (. 
(5.12). 
(5.13) 
(5.14) 
(5.15) 
In this form the equation contains only the single para-
mete,r N . 
l 
It is important to note that for the present theory 
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where N=l 
·1 > N > 0 
corresponds to the limit X + 00 • N=O f 
the critical point (frozen sonic point) 
' 
(5.16) 
defines 
As im-t ~=ab • 
plied by the discussion in §4 only those flows in which 
Yb lies downstream of the throat are considered. For-
these flows N>O. In this case the origin is a saddle 
, 
,, 
.. _., 
point. The integral curves are shown schematically in 
figure _ 7 ._ The unique curve which passes through the origin 
is defined for small by 
··s .. -·· 
. . -
- (S .17) 
where the leading coefficients are 
al - 1 N -
-
2 
a1 N a2 - al -
- 2a1 a2 
1 a3 2a2 N (5.18) a3 - - T -1 
a4 - a2 + 2a1 a 3 + 1 a4 3 2 3a3N - !" al a2 -2 o 1 
... 
2 3 1 a5 a5 - 2a1 a4 + 2a2 a 3 + !" al a2 - 24 1 
• 
For N<O equation (5.14) does not possess a ~ique 
solution which satisfied (5.15), although (5.17) does 
,, 
TThougb here this point 
equilibrium flow, i.e. 
. ~ -. 
" . 
is evaluated with respect to the 
~ = ue(yb) etc. 
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,.. correspond to a solution. However, if S($) is defined 
· by (5.17),. then, a neighboring solution (for small~) 
must~have the form 
'· 1 
S· - S - n • e N 1'> 
• (5.19) 
• Obviously,for N>:0 , there are no such solutions which sat-
.isfy A S=S=O A and S is the unique curve which 
at lJJ=O 
passes through S=1'>=0. For N<O then all curves given 
by (5.19) will satisfy the initial condition. In this 
case the origin corresponds to a nodal point. Typical 
int~gral curves are shown in figure 2. Either for N<O 
-or lNl<<l additional theoretical work is required. 
In general N=N(Tb,e) ·• Alternatively it can be re-
garded as a function of the Mach number ~(=ub/ab) and 
the pa:ra~eter e . This function is displayed in figure 3. 
Note -that, unless the modified freezing point lies very 
close to the sonic point, N>0.7 for most cases of inter-
est. This particular result is of some significance with 
respect· to the frozen energy level (see §6). ;!fi_ 
. , 
' 
' In order·to determine this frozen level it is neces-
sary to consider the asymptotic behavior of (5.14) as 
-
· lJ)-+oo(Z+oo) • In this limit it is easily shown that 
(5.20) 
The,constant D(N) has be.en determined from numerical sol-
-20-
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·i 
utions of (.S.14) and is shown in figure 4. The differen-
tial equation was solved using a Run.ge-Kutta procedure and 
the starting series (5.17). Again it is of interest to note 
I 
that the numerical magnitude of D is small for values of 
N that are of practical interest . 
,. 
·/ 
\. 
•• 
.. 
•. 
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6·. THE ASYMPTOTIC FROZEN SOLUTION 
Downstream of the transition liyer 
tially small. Equation (3.7) implies that 
.. s - C(K) _ l 
C] 
o·r· 
\ . 
; 
- C(K) 
• is exponen-
(6.1) 
(6.2) 
if these-eiponentially small terms are neglected. The con-
Stant C(K) is determined by matching with the downstream 
behavior of the transition layer solution . 
From (3.1), (5.4), (5.7), (5.10) and (5.13) it can be 
1 
shown that in the transition layer 
cr --
Using equation (5.20) it follows that 
-a - c1 
·:,,. 
-
1 Nµcrb {1-N , 
+ lnH + iZ HLb N D(N)} + O(t-l/Nlnt) + o(K-l) 
(6. 4) 
as iJ,+00 • Matching with (6.4) then gives-the asymptotic 
frozen level as 
.f""' . 
- C (K) -
-
(6.5) · 
In this region it can also be shown that the tempera-
-22-
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ture distribution etc. are given by a frozen solution with 
cr=C (K) . and T=T b at y=y b 
terms are again neglected. 
etc. Exponentially small 
If xf is used as the freezing point the sudden-
., 
freeze method implies that, 
-a = a f . 
.,·since ., 
(6.6) 
-a b 
it follows from equation (6.5) that this sudden freeze 
result is a valid first approximation to the asymptotic 
frozen level. However, the magnitude of the error term 
. ¢ 
· ( may then be significant in certain cases. A more appro-
priate choice is x=x b for which the sudden freeze result 
• gives 
(6.7) 
~ 
x>xb • For this modified freezing point the error term is 
now O(K-1 ) , in contrast with (6.6) for which it is 
0(K-1 lnK) . Even for this choice of freezing point it 
... 
should be·nbted:that the correction to (6.7), see equation 
. 
(6.5), may be c~nsiderable in practice. 
f 
.. 
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APPENDIX 1 NORMALIZATION OF THE EQUATIONS 
The dimensional form of the equations of an ideal 
relaxing gas is.: 
.• 
.. 
y RT' y-1 
.•. 
t 
'\"· 
p'u'A' = m' 
p 'u' du' - l' ax, - x' 
1 '2 
(1 ' y RT' + + u' - y-1 T 
p' = Rp 'T' 
, · dcr ' 
u ax• = !., ca• -a , ) T 
r 
· ..... 
-, 
+ cr 
r (Al.I) 
· where primed variables have dimensions. The suffix r 
corresponds to reservoir conditions and the suffix t to 
the throat. R is the gas constant. 
With reference to the reservoir conditions and the 
throat geometry, the dimensionless variables are defined 
·by 
pi p ' T T' p' u' - p - u -p' T' p' ' ' ' IRT' " r r r ~ : :;_: 
r 
CJ ' -, A' x' - a A (J ., = (1 -· - X -RT' RT' - A[ - (Al. 2) 
·l; 
' 
, , 
n:r-r r 
t 
. 
./A' m' T' 
and A t m 
- T -
-
' ' p 'A' IR·t' Tr T 'IRT f r t r 
r r 
By using the dimensionless. variables the flow equations 
become 
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y T + y-1 
u 
,, 
j 
·.L 
,. 
puA - m 
du 
- i pu ax - -
1 2 y a + u -T - y-1 
p - pT -
·• 
dcr 
ax 
,. 
-
A 
-T 
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APPENDlX z· THE EQUILIBRIUM SOLUTION 
This solution is defined by ~quations (2.1), (2.2), 
-a=a. 
(see e.g. Phinney (1964)) 
Using (2.4) it follows that 
1 
Pe. - = TY-1 [V(e ) e exp T - V(8)] (A2.l) 
e 
where 
.-. 
V(<I>) - <I> ( e <I> -1) -l 
- ln(l-e-<t>) 
' 
(A2.2) 
... 
(A2. 3) 
2y (1-T ) + 2{cr -CTCT )}J~ u. - [y-1 -e. e r e 
and 
A(x) -
-
• • (A2.4) 
These relations define the solution parametrically in terms 
of T • e 
(' 
Further, the equilibrium sound speed is given by 
-
-
I+(y-l)CT' (T) • T 
+ Cy -1) cr' (T) (A2.5) 
and the equilibrium specific heats are 
-C p· -
Y dcr 
1 + ":!'Fri'" ' y- Ul 
-C 
V 
= 1 + da y-1 err · .(A2. 6) 
The mass flow can be found from conditions at the throat 
where 
I 
I . 
.• 
u = a 
e e 
.. 
I 
.. 
• 
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.APPENDIX 3 DERIVATION OF EQUATION (5.7) 
The variables pb , p1 etc. defined by equation (5.4) 
are related as followJ: 
pl ul 1 dA + (A3.l) - z - ~ ay Pb ~ , b 
., 
du1 dpl f 
() 
-\: 
1 
' 
'· 
(A3.2) - -dz - - az Pb , 
dcr T + a s . + u. u cITbl bl 
-01 = 0 • (A3.3) 
After integration, equation (A3.2) becomes 
1 
- p P1 + C ' (A3.4) --
\ where c is ·an integration constant. Combin\ng equ·ations 
.(A3.l) and (A3.4) gives 
" 
C 
P 'I' b b (A3.S) 
The upstream matching condition corresponds to 
(A3.6) 
and II" 
\ 
Tl Tlb 1 
exp (--Tb -Tb Lb (A3.7) 
I' where ulb - ul(yb) etc. - These relations follow from re-
writi~g the near-equilibrium solutions in terms of the 
; 
tran·si tion layer 
-;, 
variable. cy. 5) , 
-2 7 -· 
" 
(A3.6) and (A3.7) • im-
• 
( 
.. 
"":', 
-~>--· ·-/~,--_~ _:_~··_. -~-
,J 
" ( 
' 
~1. 
! ' 
I , 
. ply that 
(i\3. 8) 
Substitution of equation (A3.S) and (A3.8) into equa-
tion (A3.3), gives 
( 5 . 7) 
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